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An approach to the solution of multidimensional problems
of the theory of light scattering in turbid media

D A Rogatkin

Abstract. A new approach to developing simple analytical
models in multidimensional theory of light scattering in turbid
media is proposed. The approach generalises the one-dimen-
sional Kubelka— Munk model to the cases of two and three
spatial dimensions, allowing one to solve some problems
explicitly with the precision that is sufficient for practical
applications.
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The widespread application of advanced laser location
systems and methods of optical (laser) diagnostics to
biology and medicine [1-3] revived the interest in the
theoretical description of light propagation in turbid media
and, in particular, the so-called transport theory (TT) [4].
Simple analytical models allowing straightforward analysis
of the influence of the parameters of the medium on the
behaviour of the scattered radiation field are of special inte-
rest, for example. to medical diagnostics. A special feature
of such models is that they should describe the propagation
of light under the conditions of strong multiple scattering.
They should also wield the solution for the light flux
escaping the medium through the illuminated surface, since
most diagnostic techniques detect reflected (backscattered)
light.

However, despite the long-term development of optical
methods [or light-scattering media, there are virtually no
models that allow analytical solution of actual (especially
multidimensional) problems. The Monte-Carlo method of
statistical modelling lacks clarity and consumes a lot of
computer time. The diffusion approximation, most popular
in TT, lacks the required precision under the specified
conditions (near the surface) and even violates proper
boundary conditions [4, 5].

In this connection, many specialists devote their efforts
to the improvement of existing models and analysis of their
regions of applicability [5-7]. For example, interesting
approaches to the improvement of small-angle approxima-
tion [7] with the help of approximating functions have been
found. Recently, we have shown [8] that one-dimensional
TT problems can be solved with a good precision using the
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well-known two-flux Kubelka—Munk (KM) models pro-
vided that the original equations are corrected at the stage of
their phenomenological formulation. This approach, involv-
ing also the general problem of the ill-posed formulation of
transport theory equations, can be generalised to the case of
two and more spatial dimensions.

The classical TT describes the radiation inside a medium
by an angle-dependent intensity whose ray derivative is
defined uvsing a priori arguments. Even in the case of two
spatial dimensions, the resulting system of equations for the
intensity distribution is infinitely incomplete, and as vet its
explicit solution is unknown. At the same time, most prac-
tical problems require the knowledge of the entire spatial
distribution of the intensity field over the bulk and surface
of the medium, rather than the knowledge of the variation in
the intensity along some direction x. Thus, in the case of a
two-dimensional semiinfinite medium with x > 0 (Fig. 1),
we would be interested in a three-dimensional function
R(x,y.0), which varies in the medium and characterises the
intensity distribution of the radiation inside the medium.
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Figure 1. Intensity function in a two-dimensional problem.

When the form of this function cannot be immediately
determined. the general approach of the TT is to attempt to
determine the derivative of this [unction using ‘low-level’
arguments about the physics of the process. After that, the
function itself can be found with the help of purely
mathematical operations. Then, to find the distribution
of R(x,¥,8), over the x-axis, one should specify the partial
derivative OR(x,v,0)/0x and find the required function
using a trivial integration. The question is how to specify
the derivative,
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The general approach of the KM method is to split the
radiation field inside the medium into two counterpropagat-
ing fluxes [4]. However, according to Rel. [8]. the derivative
of the intensity with respect to a coordinate can be properly
defined only by calculating explicitly the increment of the
function over an element of length Ax and varying Ax in
accordance with the conditions of the problem. In our
opinion, it is reasonable to use a similar method of
counterpropagating functions in the case of two or more
dimensions as well (Fig. 2). Since the main difficulty arises
from specifying the derivative rather than solving the
equations, we will consider only one of the fluxes. R,
for example, and ignore R_ for the moment to illustrate the
proposed approach. According to the definition of a partial
derivative,

OR.(x,1",8) . Ry(x+Ax,»".0)—R.(x,»',0)
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Figure 2. Methed of counterpropagating functions in multidimensional
problems.

Following the method for defining the derivative used in
Ref. [8] and taking into account that the absorption and
scattering events are separated in space (Fig. 2). we write

/2
Ry(x+Ax.v" 0)=

J =7

Ro(x, 3", 00 /050500 040" ,(2)

where k£ is the linear absorption coefficient of the medium; p
is the phase (angular) function of scattering; and variable

" can be represented as

n

=3+ Axtan(’. (3)

Since the physics of the process is invariant along the
coordinate x, the function R_(x,y, () appearing in Eqn (1)
obviously satislies the following integral equality:
(/2
R (x, v, 0)= Ro(x,y",0")p(0.0")d0". (4
oS —m/2
Then, inserting expression (3) into Eqn (2) and [urther to
Eqn (1) and inserting (4) to Eqn (1), we obtain an inde-
terminacy of the 0/0 type at Ax — 0. Removing the

indeterminacy with the help of the L’Hospital rule and
using the fact that the limit of a function equals the fun-
ction of a limit [9]. we obtain for R, (x,»’,0) the required
first-order partial differential equation:

) R 0
6&(25 0) =[ {wmo'
_ kR 09 p0,0na0° (5)
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If we take flux R_(x,y,0), in consideration, an integral
of R_(x.y.0) appears in the right-hand side of Egn (3),
similarly to the KM method. In addition, the general
equation (3) should be complemented by a coupled inte-
gro-differential equation for the flux R (x,y,0). In other
words, in the general case of a multidimensional problem,
one should solve a system of two integro-differential
equations containing first partial derivatives.

In our opinion, the approach based on equation (5) is
remarkable in two ways. First, the radiation field R(x,y, 0)
in the two-dimensional space is described by a function that
does not allow separation of variables. Note that today the
general equations ol mathematical physics are solved with
the help of the Fourier method (separation of variables).
Our approach makes it possible to describe radiation fields
by functions whose variables do not separate. Second, the
use of equation (5) implies the appearance of an explicit
multidimensional [unction of boundary conditions at x = 0,
function Ry(»,0).

Concerning the methods for solving multidimensional
problems of TT that are based on a system of linear
equations for discrete one-dimensional directions (e.g.,
the method of discrete ordinates), note that they involve
boundary conditions in the form of discrete numbers for
cach direction, which alters the dimensionality of the
problem. In addition, these discrete numbers are sometimes
unknown when the problem is stated. In our case, the
boundary conditions are formulated most naturally in the
form of a distributed function.

The validity of the proposed approach can be demon-
strated, for example, in the simplest case of a homogeneous
nenscattering medium. The absence of scattering will result
in the disappearance of the integral from the original
equation (2). Equation (5) then reads

AR, (x, 1", 0)

OR.(x.y".0) k P
P an0 ———R_(x,y",0).
ox ar'l' tan cos () R?('\ 3 ()) (6)

which is a quasi-linear equation of the type [9,10]:

ad—+b—=cF. (7)
Ox ay

The Monge cone for this equation degenerates to a
Monge axis, so that each of its points corresponds to a
single characteristic direction [9]. Therefore. the solution of
equation (6) should not pose any serious difficulties (equa-
tions of type (7) have tabulated solutions [10]). In the special
case of a x > 0 semispace that is uniformly illuminated by
flux Ry(x =0,p,0) = Ry(?), the solution is independent of
the coordinate v and is given by

R(x,0) = Ry(0)e *¥/cost, (8)
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One can easily see that in the case of & = 0, the original flux
will propagate unchanged in the medium, as indeed it
should. In the case of a one-dimensional problem, we have
=0, and formula (8) reduces to the trivial Bouguer law,
also in agreement with the logic of the problem.

References

1. Tuchin V V Lazery i volokonnava optifa v biomeditsinskikh
issledovanivakh (Lasers and Fibre Optics in Biomedical Research)
(Saratov: Izd. Saratovskogo Universiteta, 1998)

Rogatkin D A, Moiseeva L G et al. Sovremennye metody lasernoi

klinicheskoi hiospekirofotomerrii (Advanced Methods of Laser

Clinical Biospectrophotometry) (Moscow: lzd. VINITI, 1997,

part 1)

3. Rogatkin D A Biomed. Radioelektron. no. 3. 34 (1998)

4. Ishimaru A Wave Propagation and Scattering in Ruandom Media
(New York: Academic Press, 1978; Moscow: Mir. 1981)

3. Anikonov D S Dokl. Ross. Akad. Naulk 361 171 (1998) [ Doklady
Muathematics 68 136 (1998)]

6. Skipetrov S E. Chesnokov S § Kvanrovayva Elekrron. 25 753 (1998)
[ Quantum Electron. 28 733 (1998)]

7. Dolin L S, Savel'ev V A Preprint of Institute of Applied Physics,
Russion Academy of Sciences, no. 512 (Nizhnii Novgorod., 1999)

8. Rogatkin D A Opr. Spekrrosk. 87 109 (1999) [ Opt. Specirose. 87
101 (1999)]

9. Bronshtein I N, Semendyaev K A Spravochnik po marematike
dive inzhenerov i uchashchikhisya vuzov (Handbook of Mathe-
matics for Engineers and Students) (Moscow: Nauka, 1980)

10.  Kamke E Spravochnik po differentsial nym wravnenivam v chast-
nvkh proizvodnykh pervogo pervadka (Handbook of First-Order
Partial Differential Equations) (Moscow: Nauka, 1976)

2



